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INTRODUCTION
Due to the increasing prevalence of nanostructured electronic and optoelectronic devices and the desire to employ nanostructuring to tune material properties, it is vital to develop an understanding of the physics of carrier transport. Phonons are the dominant energy carriers in insulators and semiconductors, which are integral to many nanostructured devices. While substantial effort has gone into developing adequate theories of phonon transport, the current understanding is lacking, even in bulk materials. For example, which phonon modes dominate energy transport and the importance of interactions involving four
The usefulness of analytical models of thermal transport has been hampered by the necessary approximations and assumptions (e.g., a Debye solid, ignoring optical phonons), permitting only qualitative or semi-quantitative predictions [1, 2] . When used with the Green-Kubo or direct methods, molecular dynamics (MD) simulations can predict thermal conductivity [3] [4] [5] [6] . Because the analysis in these two methods is performed at the system level, however, no information about the phonons is obtained. The phonon properties needed to calculate thermal conductivity (group velocities, relaxation times) can be predicted using MD simulation and normal mode analysis [3, [7] [8] [9] , but this method requires a priori knowledge of the phonon frequencies and polarization vectors and is time-intensive. Phonon frequencies and relaxation times can be obtained from harmonic and anharmonic lattice dynamics (LD) calculations, [7, [10] [11] [12] [13] but these are theoretically and computationally complex and only valid at low temperatures.
The spectral energy density (SED) [14] [15] [16] [17] , which we discuss herein, presents a straightforward alternative by which phonon frequencies and relaxation times can be obtained using only atomic velocities from an MD simulation as input. In what follows, we derive the SED from lattice dynamics theory. We also derive the relation between the SED and the phonon fre-quencies and relaxation times. We then calculate the SED using results from MD simulations of a test system of Lennard-Jones argon and compare the predicted phonon properties to predictions made using (i) anharmonic LD calculations and (ii) normal mode analysis performed on the results of the MD simulations.
THE SPECTRAL ENERGY DENSITY Derivation
To derive the SED, we begin with results from standard harmonic LD theory. The system Hamiltonian is [18] ,
where t is time, ω 0 ( κ κ κ ν ) is the frequency of the phonon denoted by wave vector κ κ κ and dispersion branch ν, and N and n are the total number of unit cells and number of atoms in the unit cell. The Hamiltonian is the total system energy and is the sum of the mode-and time-dependent kinetic and potential energies, T( κ κ κ ν ;t) and V( κ κ κ ν ;t). The phonon mode (normal mode) coordinate and its time derivative are given by
andq . The asterisk superscript in Eqs. (2) and (3) denotes the complex conjugate.
The allowed wave vectors are defined by the crystal lattice, however, the phonon frequencies and polarization vectors are not known. It is convenient to let ∑ 
andq
The coordinates q (
are associated with atom b and direction α. In arriving at Eq. (4), we make use of the fact that e (
and q( κ κ κ ν ;t) = q * ( −κ κ κ ν ;t) [12] to pull the summations over α and b out of the multiplications in Eq. (1).
The average kinetic energy of the crystal is
The kinetic energy can be transformed from the time domain (t) to the frequency domain (ω) by Parseval's theorem [19] , allowing Eq. (7) to be written as
where, for brevity, the limit has been dropped. The spectral energy density (i.e., the total system energy in the frequency domain) is
where we have used the fact that the eigenvectors are orthonor- [12] and equipartition of energy (valid for a classical, harmonic system). Given the atomic velocities in a system, the spectral energy density can be calculated at arbitrary frequencies for the allowed wave vectors. The Hamiltonian can be written as
Relation to Phonon Properties
In an anharmonic system, the phonon populations fluctuate about the equilibrium distribution function. The phonon mode coordinates and their time derivatives are
The steady-state and transient parts and their time derivatives are given by
where the Cs are constants and ω A ( κ κ κ ν ) and Γ( κ κ κ ν ) are the phonon mode frequency and scattering rate (i.e., linewidth). The transient part describes the creation of an excess in the population of a phonon mode for t < 0 and its decay back to equilibrium for t > 0.
The model used for anharmonic lattice dynamics is an excitation and decay of a single phonon mode. In a real system, there will be multiple phonons in each mode that simultaneously grow or decay with time. Thus, (dealing only withq) we leṫ
where many phonons in each mode, indexed by j, are simultaneously being created and destroyed. The phonons grow for t < t j and decay for t > t j and A j and B j are constants. We are not concerned with the values of t j , A j , and B j , though they should take on values such that ⟨q * SS ( κ κ κ ν ;t)q SS ( κ κ κ ν ;t)⟩ = ⟨q * ( κ κ κ ν ;t)q( κ κ κ ν ;t)⟩. Next, we note that
which can be shown using T( κ κ κ ν ;t) andq( κ κ κ ν ;t) in place of T
in Eq. (7) and using Parseval's theorem [as used to obtain Eq. (8) 
We are primarily interested in values of ω where ω ≈ ω A . When ω ≈ ω A , the term involving A j becomes large since Γ << ω A and the term involving B j can be neglected. (Alternatively, we could ignore the term involving A j when ω ≈ −ω A .) Hence, we find
. (21) Using Eqs. (10), (19) , and (21), we finally arrive at
where
. (23) Thus, Φ(ω,κ κ κ) is a superposition of 3n Lorentzian functions with centers at ω A ( κ κ κ ν ) with a half-width at half-maximum of Γ( κ κ κ ν ). We know from anharmonic LD that [7, 10] τ( κ κ κ ν ) =
where τ is the phonon relaxation time.
Once the frequencies and relaxation times of all phonon modes in the Brillouin zone are obtained, the bulk thermal conductivity in direction n, k n , can be calculated from
Here, c is the phonon volumetric specific heat and v g,n is the component of the group velocity vector in direction n. The specific heat can be obtained using the Bose-Einstein distribution for phonons, which requires the frequencies [20] . The group velocity vector is the gradient of the dispersion curves (i.e., ∂ ω/∂κ κ κ, see Fig. 1 ) and thus also requires the frequencies.
LENNARD-JONES ARGON CASE STUDY
We now use molecular dynamics (MD) simulation and the SED method to predict the properties of phonons along the [100] direction in Lennard-Jones argon. We consider a temperature of 20 K for which the zero-pressure lattice constant, a, is 5.315 A [3] . The MD system consists of 4 × 4 × 4 conventional unit cells for a total of 256 atoms. Using a 5 fs time step, the system is equilibrated for 5 ns before collecting data every time step for an additional 10 ns. The results of five independent simulations (with different initial conditions) are then averaged. We also average over the The results are plotted in Fig. 1 . In the topmost sub-figure, the dispersion curves, as predicted from quasi-harmonic LD, are shown. While dispersion is normally plotted as frequency versus wave vector magnitude, here we invert the axes for convenience. In the three remaining sub-figures the SED is plotted Table 1 for all unique (i.e., non-degenerate) modes. The table also includes predictions made using the normal-mode decomposition MD method [3] and anharmonic LD calculations [13] . The normal-mode decomposition predictions are made using the same simulations as those used for the SED. The agreement between the SED method and the normal-mode decomposition method is generally good, as it should be since these methods are similar. In both methods, the system energy is being mapped from direct space and time to reciprocal space and frequency. The agreement with the anharmonic LD predictions is not as good. This result may be due to the low temperature approximations inherent in LD techniques [13] . The normal-mode decomposition method also loses accuracy at higher temperatures because the quasi-harmonic phonon frequencies and polarization vectors are used to perform the energy mapping [13] . The SED method, however, does not suffer from this limitation and should be applicable at higher temperatures as long as the weakly-interacting phonon interpretation is valid.
SUMMARY
In this paper, we derived the spectral energy density and the relationship between the spectral energy density and the phonon frequencies and relaxation times. We then calculated the spectral energy density for Lennard-Jones argon at a temperature of 20 K and used it to obtain the phonon frequencies and relaxation times, as shown in Fig. 1 and Table 1 . The frequencies are in excellent agreement with those predicted using other techniques, while the relaxation times show reasonable agreement. Further work is required to understand the differences.
The advantages of the SED method are that (i) other than the the wave vectors, which can be determined from the system geometry, no phonon properties need to be known a priori and (ii) it naturally incorporates the full effect of anharmonicity (through the MD simulation). The main disadvantage is that the different dispersion branches are not handled separately. Instead, the SED at each wave vector contains information for all dispersion branches. As a result, it can be difficult to identify or fit Lorentzian functions to closely-spaced peaks in the SED. Though not essential, knowledge of the quasi-harmonic frequencies can help to identify the unique peaks in the SED as well as the degeneracy.
